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ABSTRACT

Analogy making is a highly sophisticated
task and requires intelligence, since analogous
patterns in two given stimuli are often not ob-
vious and require a certain conceptualization.
In this paper, we investigate solution strategies
for ambiguous proportional geometric analo-
gies. We constructed different analogies which
were varied in such a way that they trigger
different perceptions. Different solutions were
constructed when subjects perceived different
dominant structural patterns. The experiment
investigates preferred solutions for these anal-
ogy variations, analyzes the influence of Ge-
stalt principles on the perception of structural
patterns in geometric figures, and examines
how this influence leads to different solutions
for the same analogy problem.

INTRODUCTION

Analogy making is a high-level cognitive
process using knowledge from a source do-
main to solve a new problem in a different
situation (the target domain). A common anal-
ogy pattern is the proportional analogy of the
form (A:B)::(C:D), where A, B and C are
given elements and the analogy is completed
by inserting a suitable element for D. To solve
this kind of analogy one has to analyze the
relation between the source elements A and B
and then apply it to the target element C to
construct D. Figure 3 shows proportional geo-
metric analogies (GPA) as they are commonly
used in intelligence tests. Often different geo-
metric figures exist which are all possible solu-
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tions, but might not be equally plausible and
depend on the perception of the elements A, B,
and C (Schwering et al., 2007).

When the human visual sensory system
observes a geometric figure, it transforms the
unstructured information into a structured rep-
resentation of coherent shapes and patterns.
Human perception tends to follow a set of Ge-
stalt principles for organization: stimuli are
experienced as a possibly good Gestalt, i.e. as
regular, simplistic, ordered and symmetrical as
possible (Koffka, 1935; Kdéhler, 1929; Wer-
theimer, 1912). The Gestalt psychology identi-
fied different principles according to which
humans construct Gestalts (e.g. principle of
proximity, similarity, symmetry and good con-
tinuation). Applying different Gestalt princi-
ples to the same geometric figure might result
in different perceptions: Although there have
been identified certain rules which Gestalt
principles are cognitively preferred, there does
not exist a fixed hierarchy of Gestalt princi-
ples. The perception of geometric figures may
differ among humans and among contexts.

The human subject test described in this
paper investigates preferred solutions for am-
biguous GPAs with multiple plausible solu-
tions. The GPAs are varied such that different
perceptive interpretations might be triggered.
We hypothesize that people perceive different
structural patterns in the same series of geo-
metric figures and different structural patterns
lead to different solutions. We analyze the
solutions created by the subjects to find a plau-
sible interpretation for the different percep-
tions by different dominant Gestalt principles.
These results are important to understand the
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human strategies of solving analogies in a bet-
ter way, and furthermore to develop heuristics
for automatic analogy models to solve geomet-
ric analogies in a cognitively plausible way.

The remainder of the paper is structured
as follows: the second section sketches related
experimental work on proportional analogies.
Section three explains the method of the ex-
periment, focusing in particular on the stimuli
used. Then the results of the experiment are
presented and discussed in the following sec-
tions. Finally, we conclude and give different
directions of future work.

RELATED EXPERIMENTS

Proportional analogies have been investi-
gated already by Aristotle in historic times. In
modern  psychology, particularly  since
(Spearman, 1923), GPAs are applied to meas-
ure human intelligence. In Raven’s Progressive
Matrices Test (1958), participants are sup-
posed to complete 3x3 or 2x2 matrices of
geometric figures’. The completion of these
matrices requires analogy-like analysis proc-
esses: determination of visiospatial relations
between figures, establishment of analogical
mappings and transfer of relations (Carpenter
et al., 1990). GPAs were also tested in various
computational approaches: Evans (1962) de-
veloped a system to compute GPAs from the
1942 and 1943 American Council on Educa-
tion Examination (ACE) test, Tomai et al.
(2004) tested the analogy model SME with
geometric Millers Test Analogies, and Lovett
et al. (2007) with Raven’s Progressive Matri-
ces. Mulholland et al. (1980) investigated anal-
ogies consisting of complex line drawings.
They varied the information structure (number
of elements in a geometric figure and number
of required transformations) in the analogies
systematically.

The geometric analogies have a propor-
tional structure as in our experiment, but the
stimuli differ: Wile our experiment contains

! The problems in Raven’s Progressive Matrices
have a different structure, but apply mechanisms of
proportional analogies.
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only not-overlapping, colored triangles, cir-
cles, and squares, the geometric figures in the
other experiments typically consist of lines,
points, or areas. Some of them are simple (e.g.
a single line) and some of them are complex.
ACE analogies have similar shapes like our
stimuli, but elements can be inside other ele-
ments. In our experiment, subjects constructed
their solution. This is different from the set-up
in standard intelligence tests, where subjects
select from pre-defined solutions. Letting the
subjects construct their own solutions does not
constrain their reasoning processes to a limited
set of answers, which is particularly important
for ambiguous analogies. Moreover, having
the freedom of constructing solutions causes
the subjects to reflect more cautiously on
which transformations are necessary for them
to complete the analogy, in contrast to select-
ing from pre-defined solutions, which might be
accomplished by only considering superficial
features and not the relational structure. An-
other major difference between previous tests
and our investigations are the systematic varia-
tions and the ambiguity of the our GPAs: The
geometric figures of the source or the target
are varied to trigger different Gestalt percep-
tions. All analogies are ambiguous and allow
for different plausible solutions. Different so-
lutions occur when different structural patterns
are perceived in the figures.

METHOD

Participants

The participants were visitors of two pub-
lic events, the Technologietag 2007 (TT) and
the Hochschulinformationstag® (HIT), who
volunteered to take part in the experiment. In
total there were 112 participants, from which
103 usable datasets were collected (50 from
the TT and 53 from the HIT). The participants’

% The Technologietag 2007 was an exhibition for
people interested in computer science and technol-
ogy and the Hochschulinformationstag is an annual
exposition day of the study programs at the Univer-
sity of Osnabrueck intended for pupils.
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age ranged across all age-groups — from
“younger than 20” to “over 40” years. 50 par-
ticipants were female, 52 were male, and one
did not specify gender. 74 participants (72% of
total number) were Germans; the others were
from countries worldwide. The participants
were not paid for their contribution to the ex-
periment.

Material and Design

We created 21 analogies built out of cir-
cles, squares, and triangles in three different
colors. Three out of the 21 analogies were
“original analogies” and eighteen variations.
Each original analogy was varied three times
in the source, and three times in the target do-
main.
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Figure 1: The three original analogies.

Figure 1 shows the “original analogies”
and Figure 2 shows two variations of analogy
A3 (c.f. appendix for complete overview). All
analogies were ambiguous and varied to em-
phasize Gestalt laws to a different degree and
trigger different solutions. We focused on four
Gestalt principles: proximity, similarity, sym-
metry and good continuation. The extent of
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varying the analogies was limited to position,
shape, number of objects, and color.
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Figure 2: Variations of the original analogy A3 in
the source domain (top) and in the target domain
(bottom).

Figure 2 (top) shows an example of a var-
iation in the source domain of the original
analogy A3. Adding new elements to part B of
the source domain (A:B) creates a new notion:
guided by the Gestalt law of good continuation
humans might perceive the circles to be ar-
ranged in a descending order. The second vari-
ation in Figure 2 (bottom) adds a new element
to the target domain, causing a change in the
way of perceiving, which is this time triggered
by the principle of proximity: the new element
(white circle) creates a new relation by means
of proximity.
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Figure 3: Screenshot of the Analogy Lab while
creating a solution, with additionally labeled tool-
bar and trash can.
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In the experiment we used a software tool
especially developed for this purpose: the
Analogy Lab® (Figure 3) is a web-based
framework for constructing solutions to geo-
metric proportional analogies via drag&drop.
It also provides a clustering algorithm to clas-
sify the solutions constructed by the partici-
pants.
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Figure 4: Screenshot of the Analogy Lab while
writing in the optional comment box.

For the construction of the solutions a
toolbar with all necessary geometric objects
was available and there was a trash can symbol
for throwing away undesired objects. The ob-
jects in A, B and C were not movable. There
was neither a time limit to construct the solu-
tions, nor was there a limit to the number of
objects that could be used. The Analogy Lab
was running on laptop computers (2 at the TT
and 3 at the HIT) with a 15” screen and a reso-
lution of 1024x768 pixels or above.

Procedure

The subjects’ participation in the experi-
ment began as they sit down in front of one of
the laptops. The Analogy Lab browser window
showed the starting page of the experiment.
The experiment took place in a semi-controlled
environment: an experimenter was present at
all times, but people passed by in the vicinity
of the experiment site.

® http://mvc.ikw.uos.de/labs/cc.php
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The experiment consisted of solving a
sequence of analogy problems, and each solu-
tion consisted of two phases: the construction
phase and the comment phase. At the begin-
ning, the participants went through a one-
example practice session. In the construction
phase (Figure 3) subjects saw the first three
(A, B, [source domain] and C [target domain])
objects of an analogy and solved the problem
by constructing the object D in order to com-
plete the analogy. The input was made by
drag&drop with a standard mouse. The object
could be dragged to the trash can symbol if not
desired. Once the subjects were satisfied with
their solution, they clicked on the OK button to
proceed to the second phase (Figure 4), where
subjects were asked for optional commenting
on their constructed solutions. The subjects
were able to see what they had constructed
while they were commenting. They were sup-
posed to type a short description of the steps of
reasoning they had made in the process of con-
structing the solution. In order to facilitate and
shorten the process of commenting, some
keywords were suggested above the comment
box, such as: rotate, mirror, remove/change
objects, shapes, colors, position etc. Again a
button click was required, this time for pro-
ceeding to the next analogy.

The stimuli were presented in a pseudo-
randomized manner to avoid order effects. The
set of stimuli was divided into three combos:
each combo contained one out of the three
original analogies, and two variations of each
of the three original analogies. One combo was
randomly selected for each participant. Thus
each participant had to solve seven analogies
in total. As soon as a participant had finished
the test, a message on the screen indicated test
termination.

RESULTS

For each participant the constructed solu-
tions and the comments were stored in a log
file. The log file was then parsed and the data
was clustered to group the same solutions and
compute the preference degree. The comments
were evaluated with the aim of identifying
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structural patterns and transformations used by
the participants in the process of creating the
solutions, and furthermore to determine the
strategies for solving geometric analogies.

There were 31-37 participants per combo.
The answers for one original analogy and for
its respective variations of the source and tar-
get domain were compared. We will focus here
on analogy “Al1Qriginal” (Figure 1) as well as
two of its variations. The appendix comprises
the complete results for the remaining analo-
gies.

The results for the original analogy
“Al10riginal” are depicted in Figure 5: 93% of
the participants constructed the solution shown
with the letter (a) while the rest created other
solutions, labeled with (b) and (c) in the figure.
87% of the participants who constructed solu-
tion (a) provided a comment describing their
opinion on how this solution was created. The
analysis of the comments revealed that the
participants applied different transformations
to construct the same solution. The participants
explained their solutions with the following
transformations: 38% of the participants ar-
gued that they left the middle object intact,
27% stated that they removed the outer ob-
jects, another 27% removed the white circles,
whereas 8% stated that the black square should
stay. Obviously, all participants perceived the
same structural pattern, namely a group of
white circles and a group of black circles (a
group of middle objects and a group of outer
objects leading to the same pattern).

A1Original
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Figure 5: Original analogy “Al1Original”
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Figure 6 shows the results for analogy
“A1S3”, one of the variations of the analogy
“Al10riginal”. In this variation the source do-
main has been altered by moving the black
circles in part A from the center to the top
while the rest of the analogy was kept un-
changed. Here 44% of the participants con-
structed the solution (a), 38% solution (b) and
the rest created sundry solutions. 93% of the
participants who constructed solution (a) pro-
vided comments. All of them argued that they
removed the white objects (i.e. they perceived
a group of black and a group of white objects),
For solution (b) 84% of the participants pro-
vided a comment and described the following
transformations: 55% kept the first row objects
(i.e. they grouped the top and the remaining
objects), 15% rotated in a 3D manner (i.e. they
perceived the whole figure as one group), 15%
moved the upper row one position down
(grouping of top and remaining objects).
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Figure 6: Results for a variation of the source
domain

Figure 7 shows the results for analogy
“A1T3” which is another variation of
“Al0riginal”. Here, the target domain has
been altered by inserting additional elements.
Now 50% of the participants constructed solu-
tion (a), 35% solution (b), 10% solution (c)
and the rest created sundry solutions. 76% of
the participants who constructed solution (a)
commented on it and from their descriptions
the following transformations were identified:
85% kept the center object (grouping of center
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and outer objects) and 15% removed all types
of circles (grouping based on shape). All par-
ticipants who constructed solution (b) argued
that they took the white figures away (i.e.
grouping based on color). 66% of the creators
of solution (c) provided comments and stated
that the outermost circles had to be removed
(again grouping of outer and inner objects).
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Figure 7: Results for a variation of the target do-
main

The results for the remaining variations
of “AlQOriginal” are summarized in Table 1.
The analogy tasks are depicted together with
the preferred solutions. For each solution the
number of participants who created that solu-
tion, the transformations that were described in
the comments and the perceived structural
pattern (cf. discussion below for details on the
analysis) are given.

Discussion

This experiment investigates whether
humans see different structural patterns and
relate them to preferred solutions. We wanted
to investigate the solution strategy and explain
the differences in terms of Gestalt psychology.
The stimuli in our experiment were designed
in such a way that perception of different
structural patterns and application of different
transformations would lead to different solu-
tions. The results show clearly that the percep-
tion of figures differs among participants.
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Table 1: Results for “A1Origninal” and Variations

Analogy Q)
' I BIOOEN |
Al1S1 .8
Solutions Comments Pattern
24/31 Center object stays 11
|
(77.4%) | Remove outer objects 11
4/31 .
(12.9%) Remove object \Y
| o®
Ana ogy (X 0O
o0 o0 : B
Al1S2 00 OO
e
Solutions Comments Pattern
H 28/37 Center object stays 1
(75.6%) | Remove outer 11
- Remove outermost ob- m
3/37 jects
u (8.1%)
™ Remove gray objects |
®
= 2137 - )
! (5.4%) Divide vertically by two \/!
o
Analogy OO
00 00 -
AlT1 OO0
Solutions Comments Pattern
12/31 .
B (38%) Center object stays 1
7131 . .
% (22.5%) Remove all white objects |
9 4/31 Remove outermost ob- m
. (12.9%) | jects
® /.
3/31 .
(9.6%) Keep all black circles \Y
o
o
3/31 Remove all non black |
’ (9.6%) | objects
Analogy OO0 o0 : u
ALT2 te ®
Solutions Comments Pattern
™y 28/37 Center object stays 11
\ (75.67%) | Remove outer object 1]
. 3/37 . .
Remove white objects |
® (8.1%)
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From the comments and from the solu-
tions we can infer that the subjects perceived
different structural patterns leading to a differ-
ent structural representation of the figures.
Also, subjects applied different transforma-
tions. These findings agree with results from
another study on re-representation: Similarly
to this experiment, Kokinov et al. (2007) could
show spontaneous re-representation during
solving proportional analogies with ambiguous
figures.

Structural Patterns and Gestalt Psychology

The comments showed that the subjects
often applied transformations to several ob-
jects at a time, which indicates that they
formed groups of objects and perceived struc-
tural patterns which can be explained in terms
of different Gestalt principles. The results re-
veal a set of different strategies for building
structural representations.

I.  Subjects used color as discriminating fac-
tor between groups, e.g. they constructed
a group of black or white objects. This
pattern can be explained by a dominance
of the similarity Gestalt principle, caused
by common color.

Subjects used shape as discriminating
factor between groups, e.g. group of cir-
cles, triangles, or squares. This pattern is
explained by the similarity Gestalt princi-
ple.

Subjects used relative position to form
coherent groups, e.g. top objects versus
remaining objects, center versus outer ob-
jects, or the left/first object and the
right/second object’. This pattern is sup-
ported by the Gestalt principles of spatial
proximity and of similarity.

Subjects used constant direction of
movement of similar objects as the black

* We have to point out that all stimuli consist either
of a repetition of (almost) the same figure or an
iteration of several objects. For testing 2D spatial
relations we need to extend the stimuli set with
figures where objects change and move equally in
the horizontal and vertical dimensions.
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circles in analogy A3S1. This pattern can
be explained by the Gestalt principle of
good continuation.
Subjects used a combination of several
criteria to form groups. However, this oc-
curred only in complex analogies.
Subjects perceived a whole figure as one
single group and applied the transforma-
tion to the whole figure (no grouping).
Subjects perceived every object as sepa-
rate.
In some cases the target domain contains
an object with a new feature which did not
occur in the source domain. For example, in
analogy A2S2 the target domain contains grey
elements. In this case, subjects adapted their
grouping and added the object with the new
feature to one of the existing groups (e.g. with
a distinction between black and white objects,
the grey objects were assigned to the black
group which became a dark or colored group).
In very few cases, people mapped objects
of the source on the empty set of objects in the
target. For example, in analogy A1S2, some
people commented on deleting the grey objects
in the second solution. Since the target domain
does not contain any grey objects, figure D is
the same as figure C. In general, however, this
“empty” mapping is avoided.

VI.

VII.

Transformations

The GPAs in this study could be solved
by comparing figure A and figure C for com-
mon structures and establish a mapping be-
tween A and C. Then, the transformation from
figure A to B is transferred and applied to fig-
ure C to construct figure D. The following
transformations are mentioned by our subjects
(we list only transformations if they were ap-
plied at least two times by different partici-
pants and rephrase them, if the same transfor-
mation is meant):
rotation of a group of objects. Center of
the rotation was the center of the group or
a fixed point in the figure
reflect a group of objects along a horizon-
tal/vertical axis which is defined relative
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to the objects or absolutely in the coordi-
nate system.

keep or remove a group of objects

move a group of objects towards a rela-
tive/absolute point (e.g. center of figure)
and move objects in a continuous move-
ment.

This set of transformations is similar to
previous investigations from Evans (1962) and
Dastani et al. (1998)°. We will use this set of
structural patterns and applied transformations
for the development of a computational model
for GPAs (Schwering et al., 2009).

SUMMARY AND FUTURE WORK

This experiment investigates the Gestalt-
perception of humans solving GPAs. We ex-
amined different plausible solutions for am-
biguous analogies which are based on different
structural patters and different transformations
perceived by the subjects. By varying parts of
the analogies we found that preference degrees
vary. This can be explained by the influence or
dominance of different Gestalt principles. In
some cases the grouping is influenced by the
context of the analogy. For example, in anal-
ogy A1T3 solution (a) 15% grouped according
to shape. Since only figure C comprises ob-
jects with a different shape, this grouping
strategy must be triggered from figure C.

From the experimental data we could in-
fer different strategies for solving the analo-
gies, in particular different grouping strategies
and different transformations. These results
can be used to develop suitable heuristics such
that a computational model can simulate the
same results as found in our human subject
test.
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Continuation of Table 3:

5

Analogy S —
A3S2 — ®
Solutions Comments . Pattern

Q (623 /g’:/lo ) Move square downward 1]
Q (3152/;’;)) Move circle upward 1
N N
Analogy L N -
A3S3 0o e
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q l: (6251/630/20) Upper object moves down 11
900
5/32 3D-Flip as whole object Vi
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Analogy
A3T1 O 9
Solutions Comments Pattern
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2137 Only Black circle moves Vi
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Analogy
A3T2 O :
Solutions Comments Pattern
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10/34 | Black hi |
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Analogy ) .
A3T3 @

N
Solutions Comments Pattern
Q (27‘13/;)2) Upper figure moves down 11
Q (1‘;/35’;) ) Black moves to white |
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People commented on the transforma-
tions applied. Please note that these transfor-
mations do not necessarily lead to the solution
they constructed.



